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Abstract
A word is called abelian square-free if it contains no two adjacent subwords which are
permutations of each other. An abelian square-free word over an alphabet Sk which cannot be
extended to the left or right with letters from Sk while remaining abelian square-free is called a
maximal abelian square-free word. We prove, by an explicit construction, that the shortest
maximal abelian square-free word over an alphabet of k letters has length at most 6k  10:
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
In this paper, we will be working with words over an alphabet of k letters. Without
loss of generality, we take our alphabet Sk to consist of the letters f0; 1;y; k  1g:
We write our words as a concatenation of letters a1a2a3?an; with aiASk: (We will
use a dot  to represent concatenation of letters or words when it makes notation
clearer, but in general we will omit it.) We say a word x is a subword of the word y if
there exist words w and z (possibly empty) such that y ¼ wxz: We say that a word x
is a prefix of the word y if there exists a word z (possibly empty) such that y ¼ xz:
Deﬁnition 1. An abelian square is a non-empty word of the form
a1a2?anasð1Þasð2Þ?asðnÞ
where aiASk; and s is a permutation of the set f1;y; ng:
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In other words, an abelian square is a word of even length whose second half is a
rearrangement of its ﬁrst half. We say that a word is abelian square-free if it contains
no subword which is an abelian square. For example, the word 01213032 is abelian
square-free, but 012131232 is not, because it contains the abelian square 213123 as a
subword. An abelian square-free word w is called left-maximal over the alphabet Sk if
for every letter bASk; the word bw contains an abelian square. Similarly, w is right-
maximal if wb contains an abelian square for all bASk: We will call an abelian square-
free word maximal if it is both left-maximal and right-maximal. For ease of notation,
we will call a maximal abelian square-free word over the alphabet Sk a k-reflector.
2. Abelian square-free words
Abelian square-free words have been studied in a number of earlier papers. In
1961, Erd +os [Erd] asked which alphabet sizes admit inﬁnitely long abelian square-
free words. One can show that on an alphabet of three letters, an abelian square-free
word can have length at most 7. (One example is 0102010.) In 1970, Pleasants [Ple]
showed the existence of inﬁnite abelian square-free words over an alphabet of ﬁve
letters. It was not until 1992 when Kera¨nen [Ker] ﬁnished the problem by showing
the existence of inﬁnite abelian square-free words over an alphabet of four letters. In
this paper, rather than considering inﬁnite words, we will look at short abelian
square-free words. In particular, we will try to ﬁnd k-reﬂectors which are as short as
possible.
Let cðkÞ denote the length of the shortest k-reﬂector. Our main result is the
following theorem:
Theorem 2. For kX3; we have 4k  7pcðkÞp6k  10:
We will prove the lower bound in Section 4. The upper bound follows from an
explicit construction given in the next section.
Before we prove the theorem, let us review what was already known about this
problem. The following recursive construction was introduced by Zimin [Zim]:
z1 ¼ 0;
zk ¼ zk1  ðk  1Þ  zk1 for kX2:
(
The ﬁrst few Zimin words are
z1 ¼ 0;
z2 ¼ 010;
z3 ¼ 0102010;
z4 ¼ 010201030102010;
z5 ¼ 0102010301020104010201030102010:
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Let jwj denote the length of the word w: It is easy to see that for each kX1; zk is a
k-reﬂector with jzkj ¼ 2k  1: Thus Zimin’s construction proves that cðkÞp2k  1:
Recently, Cummings and Mays [CM] improved Zimin’s bound with a construction
that gives cðkÞ ¼ Oð2k=2Þ: Our theorem gives a signiﬁcant improvement over these
bounds. Table 1 gives the ﬁrst few values of cðkÞ:
For kp3; it is easy to check that the words 0, 010, and 010212 are k-reﬂectors of
the smallest possible size for k=1, 2, and 3, respectively. For k ¼ 4; the construction
in [CM] yields the 4-reﬂector 01021312010, which is known to be of the smallest
possible size. The words 0102134031201343 and 01021453405120143545 are 5- and
6-reﬂectors of length 16 and 20, respectively, and a computer search reveals that
these are in fact the smallest possible.
3. The construction
For integers a and b with 0papb þ 1pk; let ua;b denote the word a  ða þ
1Þ?ðb  1Þ  b: (For instance, u2;6 would be the word 23456.) If a ¼ b þ 1; then let
ua;b be the empty word.
For 1papk  2; deﬁne va to be the word c1c2?c2a; where
ci ¼
iþ3
2
for i odd;
i
2
for i even:
(
So v1 = 21, v2 = 2132, v3 = 213243, and v4 = 21324354. Let us show that va is
abelian square-free. Clearly va contains no abelian squares of length 2. Suppose va
contains an abelian square w ¼ w1w2; where jw1j ¼ jw2jX2: Then w2 contains a letter
ci for some odd i: But cjoci for all joi when i is odd. Hence this letter cannot appear
in w1: So va is abelian square-free.
We are now ready to present our k-reﬂectors. For kX4; let
yk ¼ 0  u2;k2  u1;k2  0  vk2  0  u2;k1  u2;k2  0:
Here are the ﬁrst few yk:
y4 ¼ 02120213202320;
y5 ¼ 02312302132430234230;
y6 ¼ 02341234021324354023452340;
y7 ¼ 02345123450213243546502345623450;
y8 ¼ 02345612345602132435465760234567234560:
Table 1
k 1 2 3 4 5 6
cðkÞ 1 3 6 11 16 20
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Observe that the words yk have a nice symmetry property: If you replace each
symbol a with the symbol k  a (mod k), the result is the same as if you reverse the
word yk:
It is easy to check that jykj ¼ 6k  10: Thus the upper bound in Theorem 2 follows
from the following lemma:
Lemma 3. For kX4; yk is a k-reflector.
Proof. First we must show that yk is abelian square-free. Notice that yk contains
only two occurrences of the symbol 1, and two occurrences of the symbol k  1: So if
w is an abelian square which is a subword of yk; it must contain both 1’s, both
k  1’s, or none of these symbols. (Note that it cannot contain all four symbols, since
the 1’s both precede the k  1’s.) Suppose w contains no occurrences of 1 or k  1:
Then w must lie in one of the ﬁve regions of yk bounded by the four occurrences of 1
and k  1: The middle region is a subword of vk2; so there are no abelian squares
there. That the other regions contain no abelian squares can be seen by inspection.
So suppose w contains the 1’s but not the k  1’s. (By symmetry, this is the same as
the case where it contains the k  1’s but not the 1’s.) Then it must contain the 0
lying between the two 1’s. It must contain another 0, and the only one available is the
0 which is the very ﬁrst symbol of yk: So w must be a preﬁx of yk: In order to contain
the 1’s but not the k  1’s, we must have 2kpjwjp4k  10: If we let j ¼ 1
2
ðjwj  2kÞ;
we have 0pjpk  5; and then w ¼ 0  u2;k2  u1;k2  0  vjþ1  ðj þ 3Þ: Upon inspec-
tion, we can see that w contains exactly three occurrences of each of the symbols
j þ 2 and j þ 3: Thus w cannot be an abelian square. This shows that yk is abelian
square-free.
Now we need to verify that yk is maximal. It will sufﬁce to show that for any
symbol b; the word byk contains a preﬁx x which is an abelian square. (By symmetry,
the case for the words ykb is the same.) If b is 0, then byk begins with a pair of 0’s, an
abelian square of length 2. So assume ba0: Let x be the preﬁx of byk having length
2k þ 2b  4: We claim that this x is an abelian square. Write x ¼ x1x2; where jx1j ¼
jx2j ¼ k þ b  2: Then x1 is the word b  0  u2;k2  u1;b1; while x2 is the word ub;k2 
0  vb1: It is now straightforward to verify that x1 and x2 are just rearrangements of
the same letters. &
4. The lower bound
To see the lower bound in Theorem 2, let w be a k-reﬂector. For any letter b; the
word bw must contain an abelian square of the form bxb; where xb is a preﬁx of w:
Without loss of generality, we may assume jx0jojx1jo?ojxk1j: This means there
exist words w0; w1;y; wk1; wk; such that w ¼ w0w1w2?wk1wk; and xb ¼
w0w1?wb for all bpk  1: Since bxb is an abelian square, it must contain an even
number of occurrences of each letter. So xb must contain an odd number of
occurrences of the letter b; and an even number of occurrences of every other letter.
Since xb ¼ xb1wb; it follows that wb must contain an odd number of occurrences of
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the letters b and b  1; for bX1: So in particular, wb contains at least one occurrence
of b and one occurrence of b  1; for bX1: Also, we know that w0 contains at least
one occurrence of 0, since 0w0 is supposed to be an abelian square.
The word ðk  1Þ  xk1 is an abelian square, so its ﬁrst half must contain the same
letters as its second half. So let t1 and t2 be words such that jt1j ¼ jt2j and ðk  1Þ 
xk1 ¼ t1t2: Then for some j; we must have t1 ¼ ðk  1Þ  w0w1?wj1  s1 and t2 ¼
s2  wjþ1wjþ2?wk1; where s1s2 ¼ wj: (It is possible that s1 or s2 may be the empty
word.) If j ¼ 0; we have t2 ¼ s2w1w2?wk1: Each word wi has length at least 2, for
1pipk  1; so jt2jX2k  2: But jwjXjxk1j ¼ jt1j þ jt2j  1X4k  5; so we are done
in this case. Similarly, if j ¼ k  1; then t1 ¼ ðk  1Þ  w0w1?wk2s1: We know that
w0 has length at least 1, and the other wi have length at least 2, so jt1jX2k  2; so
again we get jwjX4k  5: Now assume 1pjpk  2: Since t1 contains the words
w0; w1; w2;y; wj1; it contains at least two occurrences of each of the letters
0; 1; 2;y; j  2; and one occurrence of j  1: Similarly, t2 contains at least one
occurrence of j; two occurrences of each of the letters j þ 1; j þ 2;y; k  2; and one
occurrence of k  1: But we assumed t1 and t2 contained the same letters. So t1 and t2
both must contain all the letters mentioned above. This means that jt1j ¼ jt2jX2k 
3: So jwjXjxk1j ¼ jt1j þ jt2j  1X4k  7; and completes the proof.
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